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We investigate a four-dimensional world, embedded into a five-dimensional spacetime, and find
the five-dimensional Riemann tensor via generalisation of the Gauss (–Codacci) equations. We then
derive the generalised equations of the four-dimensional world and also show that the square of
the dilaton field is equal to the Newton’s constant. We find plausable constant and non-constant
solutions for the dilaton.
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Since the pioneering works of Kaluza [1] and Klein
[2], who unified gravitation with electromagnetism, the
implications of possible extra dimensions to our world
have been under intense investigation — see [3] for an
extensive collection of papers on higher-dimensional uni-
fication. Jordan [4] and Thiry [5] used the equations
of Kaluza-Klein’s theory to show that the gravitational
constant can be expressed as a dynamical field. A con-
stant solution for the Newton’s constant however is then
allowed only if the square of the Maxwell electromag-
netic tensor vanishes. Here we examine a dual set up
in which this problem can be avoided. Based on the
original Kaluza’s model, we are here considering a gen-
eral embedding of a four-dimensional world into a five-
dimensional ambient spacetime. We derive a generalisa-
tion of Gauss (–Codacci) equations by utilising all de-
grees of freedom (the entire geometry) of the ambient
spacetime and we also show how they affect the physics
of the four-dimensional world. As a result we find a sys-
tem of equations for the electromagnetic field, gravita-
tional field and dilaton field. One of these equations is
a plausable generalisation of gauge fixed Maxwell equa-
tions in the presence of a dilaton field. We also show
that the square of the dilaton field is equal to (modulo
numerical factors) the Newton’s constant. The gauge
freedom of the electromagnetic fields is transferred to a
freedom in fixing the dilaton field. Apart from the con-
stant solution for the dilaton, we give an example for a
non-constant solution describing time-varying Newton’s
constant in an expanding universe (see also [6]–[11] and
others). We also give a general formula for generating
different solutions for the dilaton field.
We consider a four-dimensional world M, embedded
into a five-dimensional spacetime V (see [12]–[17] and
the references therein for a detailed discussion on em-
beddings). Let yi (i = 1, 2, 3, 4) denote the coordi-
nates on M and xµ (µ = 1, 2, 3, 4, 5) denote the coor-
dinates on V. Greek indexes will be related to the five-
dimensional spacetime V, while Latin indexes will be
associated with the four-dimensional spacetime M. Let
ψ(xµ) = s = const be the equation of the hypersuface
M. One can alternatively express the parametric equa-
tions of M as xµ = xµ(yj , s) and treating the parameter
s as a coordinate, this then represents a coordinate trans-
formation with inverse:
yj = yj(xµ) , s = ψ(xµ) . (1)
We assume that this transformation is invertible at each
point. This means that the Jacobi matrices of the trans-
formation and its inverse have non-vanishing determi-
nants everywhere. Thus, to globally parametrise the fo-
liated five-dimensional spacetime V, it is sufficient to use
the coordinates of the four-dimensional world M and the
foliation parameter s.
The vector normal to the surface is:
Nµ =
∂ψ
∂xµ
. (2)
Let us also define:
eµj =
∂xµ
∂yj
, nµ =
∂xµ
∂s
, Eiµ =
∂yi
∂xµ
. (3)
The derivatives are related as follows:
∂k ≡
∂
∂yk
= eµk ∂µ , (4)
∂ν ≡
∂
∂xν
= Ekν ∂k +Nν ∂s . (5)
Obviously, if we denote eµ5 = n
µ and E5µ = Nµ, then (e
µ
ν )
and (Eµν ) will be the Jacobi matrices of the transforma-
tion (xµ)→ (yi, s) and its inverse. Therefore:
eµσE
σ
ν = δ
µ
ν = E
µ
σe
σ
ν . (6)
This orthogonality condition is equivalent to:
eµi E
j
µ = δ
j
i , (7)
2Nµn
µ = 1 , (8)
Eiµe
ν
i +Nµn
ν = δνµ , (9)
Nµ e
µ
j = 0 , (10)
nµEjµ = 0 . (11)
(Note that δµµ = dim V = 5 and δ
i
i = dim M = 4.)
Thus the bases (eµj , n
µ) and (Ejµ, Nµ) are dual. They do
not depend on the metric of either spacetime, but only
depend on the particular embedding chosen.
Let us now introduce a scalar field φ(yk, s), a vector field
Ai(y
k, s) and the metric tensor gij(y
k, s) on M. We fur-
ther define the metric Gµν of the five-dimensional space-
time V as an expansion over the basis vectors Eiµ and
Nµ:
Gµν = E
i
µE
j
ν gij + (NµE
i
ν +NνE
i
µ)Ai +NµNνφ . (12)
Taking xi = yi , x5 = s = const, i.e. eµi = δ
µ
i , n
µ =
δµ5 , E
i
µ = δ
i
µ , Nµ = δ
5
µ in (12) corresponds to the orig-
inal Kaluza’s model [1]. Klein’s modification [2] gij →
gij + AiAj , together with the identification of φ as a
dilaton is the model put forward by Jordan [4] and Thiry
[5]. We note that the metric (12) has the same form as
the inverse of the metric of Klein’s model, thus the two
theories are dual: Kaluza’s model corresponds to slicing,
while Klein’s model corresponds to threading of the five-
dimensional spacetime [15]. The case with Ai = 0 has
also been considered (see, for example, [17], [18] and the
references therein).
The lack of gauge invariance for the fields Ai, which we
nevertheless will associate with the electromagnetic po-
tentials, in view of the slicing–threading duality, is com-
pensated by the freedom to fix φ. This, as will become
claer later is the freedom to fix the dilaton field.
Returning to (12), we define gij as the inverse of the met-
ric gij . Thus A
i = gijAj and A
2 = gijAiAj .
The inverse Gµν of the metric Gµν on V is then given by:
Gµν = hijeµi e
ν
j − θA
i(eµi n
ν + eνi n
µ) + θnµnν , (13)
where θ = (φ − A2)−1 and hij = gij + θAiAj . One
can easily check that GµλGλν = δ
µ
ν . Using the inverse
Gµν (13) of the metric Gµν , we can raise and lower five-
dimensional indexes to get:
Nµ = GµνNν = θ(n
µ
−Aieµi ) , (14)
N2 = NµN
µ = θ , (15)
nµ = Gµνn
ν = AiE
i
µ +Nµφ , (16)
n2 = nµn
µ = φ . (17)
Note that when Ai = 0 and φ = 1, then Nµ = nµ as in
the ADM approach [17].
The extrinsic curvature is:
Kjl = e
µ
j e
ν
l Qµν , (18)
where Qµν = ∇µNν = ∇νNµ.
Multiplying (18) across by EjαE
l
β and applying the or-
thogonality conditions (7)–(11), one easily finds:
Qαβ = E
i
αE
j
βKij + (NαE
i
β +NβE
i
α)fi +NαNβ χ , (19)
with χ = nµnνQµν and
fj = n
µeβjQµβ = A
iKij +
1
N
∂jN , (20)
where N =
√
NµNµ.
The four-dimensional Christoffel symbols
γijk =
1
2
gil(∂kglj + ∂jglk − ∂lgjk) (21)
can then be expressed as:
γijl = (∂je
µ
l + e
α
j e
β
l Γ
µ
αβ)E
i
µ −KjlA
i , (22)
where Γµαβ are the five-dimensional Christoffel symbols.
Further, the four-dimensional Riemann curvature tensor
rijkl = ∂kγ
i
jl − ∂lγ
i
jk + γ
m
jl γ
i
mk − γ
m
jkγ
i
ml , (23)
using (22) and (7)–(11), becomes:
rijkl = E
i
αe
λ
j e
µ
ke
ν
l R
α
λµν + E
i
α(∇µn
α)(eµkKlj − e
µ
l Kkj)
+∇l(A
iKkj)−∇k(A
iKlj)
+AiAm(KmlKkj −KmkKlj) , (24)
where Rαλµν is the five-dimensional Riemann curvature
tensor. The above is a generalisation of the Gauss equa-
tions. Taking Ai = 0 and φ = 1, one simply recovers the
well known Gauss equations (see, for example, [19]):
rijkl = E
i
αe
λ
j e
µ
ke
ν
l R
α
λµν +K
i
kKlj −K
i
l Kkj . (25)
Let us now expand the five-dimensional Riemann curva-
ture tensor over our basis. Using its symmetries we can
write:
Rλµνσ = E
i
λE
j
µE
k
νE
l
σUijkl +
+
[
(NλE
j
µ −NµE
j
λ)E
k
νE
l
σ
+(NνE
j
σ −NσE
j
ν)E
k
λE
l
µ
]
Vjkl
+(NλE
j
µ −NµE
j
λ)(NνE
l
σ −NσE
l
ν)Wjl , (26)
where the coefficients in this expansion satisfy:
Uijkl = Uklij = −Uijlk = −Ujikl , (27)
Vjkl = −Vjlk , Wjl =Wlj . (28)
Using (24), one can further find:
Uijkl = e
λ
i e
µ
j e
ν
ke
σ
l Rλµνσ
= rijkl − (piik pilj − piil pikj) , (29)
Vjkl = n
λeµj e
ν
ke
σ
l Rλµνσ
= AiUijkl −
1
N
(∇k pilj −∇l pikj) , (30)
3where pijl =
1
NKjl.
Finding the remaining tensor Wjl is more complicated.
One can easily see that
Wjl = n
µnσeλj e
ν
l Rλµνσ = Sjl +A
kVlkj , (31)
where
Sjl =
1
N2
nσeλj e
ν
l (∇λQσλ −∇σQνλ) . (32)
In the above we identify derivatives in the direction of nσ.
To handle this type of terms, we will have to explicitly
invoke the dependence on s.
Firstly, in virtue of (5), we get the following expression
for the extrinsic curvature (18):
Kjl = −
N2
2
(∇jAl +∇lAj) +
N2
2
∂sgjl
−
1
2
Nλ(gkl∂jE
k
λ + gkj∂lE
k
λ +Al∂jNλ +Aj∂lNλ)
+
N2
2
Gµν
[
Ak∂k(e
µ
j e
ν
l )− ∂s(e
µ
j e
ν
l )
]
. (33)
Using (20), (31), (32) and (33), it follows that
Wjl =
1
N3
∇j∇lN −
2
N4
(∂jN)(∂lN) +A
iAkUijkl
+
1
N
[
∇j (A
kpikl) +∇l (A
kpikj)
]
−
1
N
Ak∇k pilj
+
1
N2
pikl pi
k
j −
1
N
∂spijl +Ωjl , (34)
where Ωjl contains only terms which are proportional
to derivatives of the basis vectors and their duals with
respect to (yk, s).
The five-dimensional Ricci tensor can easily be calculated
from (26):
Rµν = E
j
µE
l
ν
[
hikUijkl −N
2Ak(Vjkl + Vlkj) +N
2Wjl
]
+(NµE
l
ν +NνE
l
µ)(−h
jkVjkl +N
2AjWjl)
+NµNνh
jlWjl . (35)
Then the five-dimensional Einstein’s equations in vacuum
Rµν = 0 (36)
reduce to
hikUijkl −N
2Ak(Vjkl + Vlkj) +N
2Wjl = 0 , (37)
hjkVjkl −N
2AjWjl = 0 , (38)
hjlWjl = 0 . (39)
Multiplying (37) by Aj and adding it to (38) allows us
to exclude Wjl from equation (38). Then, using the ex-
pressions (29) and (30) for Uijkl and Vjkl , (38) becomes:
∇k pi
k
l −∇l pi
k
k = 0 , (40)
Equations (40) (as we will see below) are a generalisation
of Maxwell’s equations in a fixed gauge.
One has to make a very important point here. Klein’s
theory corresponds to a threading decomposition of the
five-dimensional spacetime [15]. Rigorous analysis [16]
shows that the curvature tensor of the hypersurface
formed is given by Zelmanov’s curvature tensor, which
differs from the ordinary Riemann curvature tensor by
additional terms containing s-derivatives of the four-
dimensional metric. The cylinder condition forces the
two curvature tensors equal and thus represents a sur-
face forming condition. In Kaluza’s theory, the foliation
of the five-dimensional spacetime corresponds to slicing
[15]. Then the four-dimensional metric gij naturally ap-
pears as the slicing metric and imposing a cylinder con-
dition is not at all necessary.
To simplify the analysis of the physics described by the
fields Ai, φ, and N , we will, however, put aside the s-
dependent terms. Also for simplicity, we will assume that
the basis elements and their duals are constant (thus re-
covering the original Kaluza’s theory). The tensor Ωjl
will then vanish from (34).
Equation (40) becomes:
∇kF
kl = −2Akr
kl +
2
N2
(pikl − pijjg
kl)∂kN . (41)
Here Fkl = ∇kAl−∇lAk is the Maxwell electromagnetic
tensor with Ak being the electromagnetic potential.
The first term on the right-hand-side of (41) describes
an interaction between electromagnetic and gravitational
fields. We assume that it is much smaller than the re-
maining terms, so that we can neglect it. Note that Ak
cannot be “gauged up” to increase the scale of Akr
kl.
Furthermore, if N is a constant, then (41) becomes the
usual Maxwell’s equations
∇kF
kl = 0 . (42)
The remaining two equations are:
∇k(
fk
N
) = 0 , (43)
rjl −
1
2
gjlr =
N2
2
Tjl , (44)
where r = gikrik and rjl are the four-dimensional scalar
curvature and four-dimensional Ricci tensor, respectively.
The energy-momentum tensor Tjl is therefore given by:
Tjl = T
Maxwell
jl + g
ik
∇iBjlk + Cjl + Djl , (45)
where:
TMaxwelljl = g
ikFijFkl −
1
4
gjlFikF
ik ,
Bjlk = Ak∇lAj −Al∇kAj −AjFkl +∇j(AkAl)
+gjl(A
i
∇kAi −Ak∇iA
i) , (46)
4Cjl = gjlA
iAkrik − 2A
iAlrij − 2A
iAjril , (47)
Djl =
4
N4
(∂jN)(∂lN)
−
2
N3
∇j∇lN −
2
N2
pikk(Al∂jN +Aj∂lN)
+
2
N2
[
−Akpijl +Alpi
k
j +Ajpi
k
l
−gjl(A
ipiki −A
kpiii)
]
∂kN . (48)
We will analyse each of these terms separately. The first
one, TMaxwelljl , is the Maxwell energy-momentum tensor.
The tensor Cjl describes interaction between electromag-
netic and gravitational fields. From (44) we see that, if
N2 is very small (as we will confirm later), then rjl will
be of the order of N2, which justifies the neglection of
the interaction terms in (41) and the tensor Cjl.
Using (33) in (20) and then (20) in equation (43), we see
that a constant solution for N is allowed by equation (43)
if φ satisfies:
∇
k∂k φ =
1
2
F ikFik , (49)
where F ik is a solution of (42). For the constant solution
for N , the tensor Djl vanishes. Moreover:
0 ≡ gij∇iTjl = g
ij
∇iT
Maxwell
jl , (50)
since gmlgnk∇m∇nBjlk = −
2
N∇j∇k(
fk
N ) = 0 in view of
(43).
In other words, the conservation law (50) is given by the
usual Maxwell energy-momentum tensor TMaxwelljl and N
2
plays the role of the Newton’s constant GN :
N2
2
=
8piGN
c4
. (51)
One has to point out here that in the set-up of Thiry [5],
and in [14], GN ≃ φ
2, where φ satisfies (49). This implies
that a constant solution for φ and, respectively, GN is
only possible when the unphysical constraint F ikFik = 0
is satisfied.
In contrast, in the dual set-up, a constant solution is pos-
sible. However, N (together with Ai and gij) is a solution
to the system of equations (41), (43), and (44) and, in
general, does not need to be a constant. Then it plays
the role of a dilaton field.
To illustrate this, consider the standard cosmological
metric [11] with Eνµ = δ
ν
µ:
ds2(5) = −s
2dt2 + t2/αs2/(1−α)(dr2 + r2dΩ2)
+α2(1− α)−2t2ds2 . (52)
Changing variables by: r → sγeβr with γ = −(1/2)(1 +
α)/(1− α) and t1/α → a(t), we get:
ds2(5) = −s
2α2[a(t)]2α−2a˙2(t)dt2 + 2Ardrds
+ sa2(t)e2βr(β2dr2 + dΩ2) + φds2 , (53)
where Ar = γβa
2(t)e2βr, At = Aϕ = Aθ = 0, and φ =
(γ2/s)a2(t)e2βr + α2(1− α)−2a2α(t). We take β to be a
negative constant, so that the field Ar will fall off towards
infinity. Since a(t) describes the inflation, we note that
the field Ar expands as a
2(t). The dilaton (which models
the Newton’s constant) varies as:
N2 = (1− α)2α−2[a(t)]−2α . (54)
Thus:
G˙
G
= −2α
a˙
a
= −2αH , (55)
where H is the Hubble’s constant. Observational limits
[7] put α < 10−3.
One should note that the four-dimensional metric is now
s-dependent, but this does not pose a problem in the slic-
ing formulation. Only the term ∂sgjl from the extrinsic
curvature (33) should be recovered.
Finally, we note that the general solution for the dilaton
field can be written as:
N2 =
(det gik)(detE
µ
ν )
2
detGµν
, (56)
for a solution Gµν of (36) and embedding specified with
Eµν .
To recapitulate, we have found plausable generalisations
of Einstein–Maxwell equations and explained the origin
of the constant solution for the dilaton (representing the
Newton’s constant GN ) as well as the possibilities for
modelling non-constant solutions for different cosmolo-
gies (representing time-varying GN ) in relation to the
gauge freedom of our model.
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